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The relationship among four � ow instabilities of turbomachines, namely, surge, rotating stall, cavitation surge,
and rotating cavitation, is elucidated, using a uni� ed or common model for their analysis. The simplest unifying
model was employed in the analysis to focus on the characteristic features of each instability. Moreover, the
concentration is on the stability criteria, and hence, the amplitudes are assumed small. Of course, the instabilities
often grow to amplitudes comparablewith the average value of the � ow variable. Flows upstream and downstream
of the impeller were assumed to be one dimensional for surge and cavitation surge and to be two dimensional
for rotating stall and rotating cavitation, respectively. Viscous effects were taken into consideration in the form of
cascade loss. Impeller blade geometry was incorporated in the assumption that the � ow is perfectly guided. The
peripheral wavelength of the disturbance was assumed to be much larger than the blade pitch.

Nomenclature
A = cross-sectionalarea of tank
a = nondimensionalcavity volume
B = Greitzer’s B factor
C = compliance
F1,2,3 = cavitation characteristics in Eq. (10 )
h = blade spacing
j = imaginary unit
K = cavitation compliance
k = reduced frequency, sn / U kR jk I

kL = reduced frequency, 2 p nL / U
L = inlet conduit length
` = chord length
M = mass � ow gain factor
n = complex frequency
p = pressure
pt1 = inlet total pressure
pv = vapor pressure
s = wavelength of disturbances
t = time
U, V = mean velocities in x and y directions
UT = translating velocity of cascade
u, v = velocities in x and y directions
u, v = � uctuating velocity in x and y directions
Vc = cavity volume
W = relative velocity
a 1 = incidence angle
b 1 = inlet blade angle
b 1 = average inlet � ow angle
b = average blade angle, ( b 1 b 2 )/2
b 1 = inlet blade angle
b 2 = outlet blade angle
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D V = incident velocity
d = disturbance
f Q = through � ow loss coef� cient
f S = incident � ow loss coef� cient
r = cavitation number, ( p1 pv )/ ( q W 2

1 )/ 2)
u = velocity potential or � ow coef� cient
w t s = head rise coef� cient

Subscripts

1 = upstream of impeller
2 = downstream of impeller
3 = downstream of tank

Introduction

I N this paper, we examine the relations between the four � ow in-
stabilitiesof turbomachinesusinga uni� edor commonmodel for

the � ow. The instabilities that are addressed are those of surge, ro-
tating stall, cavitation surge, and rotating cavitation.1 Each of these
are well known individually and have been subject to extensive
analysis.2 7 Our purpose is to present a uni� ed treatment of these
instabilities.One bene� cial consequenceof doing so is to shed light
on the circumstances in which one or the other may predominate.
Another bene� t is the information that can be extracted from ob-
servations of one instability and used in analysis of another. For
example, previous studies of surge, rotating stall, and cavitation
surge were recently used by Tsujimoto et al.8 to elucidate rotating
cavitation instabilities in high-speed pumps.

Note that cavitationsurge is used here to denote the phenomenon
often called autooscillation in the literature. It is the opinion of the
authors that cavitation surge is a more appropriate name.

The simplestmodel was employedin the presentanalysis to focus
on the characteristicfeaturesof each instability.Moreover, the con-
centration is on the stability criteria, and hence, the amplitudes are
assumed small. Of course, the instabilities often grow to large am-
plitudes. Although high accuracy is not expected with this method,
it was very useful in both understandingand clarifying the � ow in-
stabilities of turbomachines. The following assumptions were also
made: Flows upstream and downstream are one dimensional for
surge and cavitation surge and are two dimensional for rotating stall
and rotatingcavitation,respectively.Viscouseffectswere taken into
consideration in the form of cascade loss. Impeller blade geometry
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was incorporatedin the assumptionthat the � ow is perfectlyguided.
The peripheral wavelength of the � ow disturbance is much larger
than the blade pitch.

Characteristics of Components
Flow Model

In this analysiswe use the simpli� ed � uid system shown in Fig. 1,
composed of a suction conduit and a turbomachine with only a
hub and rotating blades. In this section, numerical expressions are
derived for each component, which are then used throughout the
analysis. These components are the � ow upstream of the impeller,
cavitation in the pump inlet, head rise of the impeller, and the � ow
downstream of the impeller.

Flow Upstream of the Impeller
Rotating Stall Case and Rotating Cavitation Case (Two-Dimensional
Instabilities)

We assume a two-dimensional � ow upstream of the impeller, as
shown in Fig. 2. The length of the suction conduit, L , is assumed
to be much larger than the wavelength s. We consider an axial � ow
with a uniformvelocityU in the x directionand rotatingbladeswith
a constantvelocityofUT in the y directionas shown in Fig. 2. A sta-
tionaryframe is usedfor this analysis.If the � ow� eldupstreamof the
impeller is assumed to be irrotational, the disturbancesproducedby
� ow instabilities are expressed by the following velocity potential:

u (s /2 p )u1 exp 2 p j[nt (y / s)] exp[(2 p / s)x] (1)

where s, n, and j are the wavelength in the y direction, the fre-
quency, and the imaginary unit, respectively.Real parts are consid-
ered to have physical meanings throughout the present paper. The
velocities u and v in the x and y directions are written as

u U
@u

@y
U u1 exp2 p j nt

y

s
exp

2 p

s
x

v
@u

@y
ju1 exp 2 p j nt

y

s
exp

2 p

s
x (2)

where the amplitude of � uctuating velocity u1 is assumed to be
much smaller than the uniform velocity U . The linearized momen-
tum equation is written as

@u

@t
U

@u

@x

1
q

@p

@x
(3)

Fig. 1 Components of the turbomachine system: I, � ow upstream of
the impeller; II, cavitation at pump inlet; III, � ow in the impeller; and
IV, � ow downstream of the impeller.

Fig. 2 Flows upstream and
downstream of impeller.

Fig. 3 One dimensional
� ow in suction conduit.

Substituting Eq. (2) into the preceding expression, we obtain the
following � uctuating pressure � eld:

d p1 q U (1 jk)u1 exp 2p j[nt y / s]exp[(2 p / s)x] (4)

where k sn / U is the nondimensional reduced freqency. In gen-
eral, k is complex and expressedby k kR jk I , and the following
relations are used:

exp 2p j (nt y / s) exp[ 2 p (U / s)k I t]

exp 2 p j (U / s)kR (t y / U kR )

Vp U kR UT (kR / tan b 1), tan b 1 UT / U 1/ u

The quantities kR / tan b 1 and k I present the dimensionless propa-
gating velocity in the y direction, V p / UT , and the damping rate,
respectively.Then, in summary, if the amplitude of � uctuating ve-
locity u1 is given in the � ow� eld upstream of the turbomachine, the
whole � uctuating � ow� eld is completely determined by Eqs. (2)
and (4).

Surge Case and Cavitation Surge Case (One-Dimensional Instability)

We consider that the � uid � ows from a space with constant pres-
sure (p 0) to a turbomachine through a conduit with a length of
L , as shown in Fig. 3. The � uid velocities are denoted by

u U u1 exp 2p nt, v 0 (5)

ApplyingBernoulli’s equationbetweenpositions0 and 1 in Fig. 3,
the pressure � uctuation at position 0, that is d p0 , is written as

d p0 q Uu1 exp 2 p jnt

Integrating the momentum equation (3) from point 0 to 1 using
Eq. (5), we obtain the following relation:

2 p jnLu1 exp2 p jnt (1/ q )(d p1 d p0 )

From the two expressions just described, the suction pressure d p1

of the impeller will then be given by

d p1 q U (1 jkL )u1 exp 2p jnt (6)

where kL 2 p nL / U is the reduced frequency. If the � uctuating
amplitude u1 is given at the inlet of the impeller, the � ow� eld there
can be completelyprescribedby Eqs. (5) and (6). Equations (4) and
(6) are very similar to each other, being expressions for the pres-
sure at the inlet to the turbomachinesobtained from the momentum
equation.

Cavitation

Figure 4 shows the velocity triangle at the impeller inlet, cavita-
tion, and the � ow within the blades. The cavity volume Vc per blade
and per unit span is normalized using the blade spacing h,

a( r 1 , a 1) Vc / (h2 1) (7)

Under quasi-steady conditions, the nondimensional cavity vol-
ume a is considered to be a function of the incident angle a 1, and
the cavitation number r 1 is de� ned as follows:

r 1
p1 pv

q W 2
1 2

(8)

where p1, pv , and W1 are the inlet pressure, the vapor pressure, and
the relative velocity, respectively.
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Fig. 4 Velocity triangle and cavitation at impeller inlet and � ows in
suction conduit.

Then, as originallysuggestedby Brennenand Acosta,9 the change
of cavityvolume, d Vc, is relatedto thedeviationsd W1, d a, and d r 1 by

d Vc h2 @a

@r 1

@r 1

@W1
d W1

@r 1

@p1
d p1

@a

@a 1
d a 1 (9)

From the velocity triangle shown in Fig. 4, the deviations d W1 and
d a 1 can be expressed in terms of the deviationsof d u1 and d v1 from
the uniform axial velocity. Then Eq. (9) may be written as

d Vc h2 F1(d u1 / U ) F2(d v1 / U ) F3 d p1 q U 2 (10)

where

F1 2 r cos2 b 1 K sin b 1 cos b 1 M

F2 2 r sin b 1 cos b 1 K cos2 b 1 M, F3 2 cos2 b 1 K

(10 )

M
@a

@a 1
, K

@a

@r 1

(11)

M and K are the mass � ow gain factor and cavitation compliance,
respectively.1,9,10

The continuity relation across the impeller is

h(d u2 d u1)
@

@t
d Vc (12)

where @ / @t indicates the time differential in a frame � xed to the
impeller and is expressed by the following form using Eqs. (2) and
(5), for two-dimensional � uctuations:

@

@t

@

@t
UT

@

@y
2 p j n UT

2 p

s
j 2 p j

U

s
(k tan b 1)

and for one-dimensional � uctuations:

@

@t

@

@t
UT

@

@y
2 p jn j

U

L
kL

From Eqs. (10) and (12), we obtained the following equations
that express the in� uence of the change of cavity volume for two-
dimensional � uctuations:

d u2 d u1 2 p j (h / s)(k tan b 1 )U F1(d u1 / U )

F2(d v1 / U ) F3 d p1 q U 2 (13)

and for one-dimensional � uctuations:

d u2 d u1 j (h / L)kLU F1(d u1 / U ) F3 d p1 q U 2 (14)

Fig. 5 Characteristics of
impeller and assumptions
of losses.

Pressure Rise in the Impeller

It is assumed that all of the cavitation can be lumped into the
volume Vc , upstream of the blade passage, and that the subsequent
impeller � ow can be modeled as single-phaseincompressibleliquid
� ow (the more complex blade passage model of Brennen11 sug-
gests that this is a good � rst approximation). Then the unsteady
Bernoulli’s equation applied to the � ow in the impeller (see Figs. 1
and 4) yields

p2 p1

q

1

2
W 2

1 W 2
2

@

@t
( u 2 u 1) (15)

If b is the average blade angle, as shown in Fig. 4, the difference
of the velocity potential can be approximated by

u 2 u 1

2

1

WS ds
u2`

cos b

where subscripts1 and 2 indicate the inlet and outlet of impeller and
b is the mean blade angle. The total pressure loss in the impeller
is represented by two coef� cients, f Q and f S , where

D pt / q f Q(U d u1)2 f S ( D V )2 (16)

and D V is the incident velocity as shown in Fig. 4. Thus, f Q is the
hydraulic loss in the blade passage, and f S is the incidence loss at
inlet as shown graphically in Fig. 5. Note that

D V (U d u1 ) tan b 1 tan b 1

The differences between pressure � uctuations upstream and
downstream of the impeller are obtained by combining Eqs. (15)
and (16) after linearization to yield

d p2 d p1

q U 2
(1 Lu )

d u1

U
(tan b 1 L v )

d v1

U
1

cos2 b 2

d u2

U

1
cos b

jkL
l

L

d u2

U
(for one-dimensional� uctuations)

2 p

cos b
j (k tan b 1 )

`

s

d u2

U
(for two-dimensional � uctuations)

(17)

where Lu and L v are given by

Lu
@D pt

@( q Uu1)
2f Q 2f s tan b 1 tan b 1 tan b 1

L v
@D pt

@( q Uv1)
2f s tan b 1 tan b 1 (18)

In general, � ow instabilities in pumps appear at larger cavitation
numbersthan thosewhich bringaboutsigni� cantdeteriorationin the
pumpperformance.Therefore,for simplicity, theeffect of cavitation
on the pressure rise across the impeller has been omitted from the
present analysis and is not included in Eq. (17).
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Flow� eld Downstream of the Impeller

In unsteady � ow, the circulation of the impeller � uctuates with
time, and free vorticity is shed from the impeller. Thus, the � ow
downstream of the impeller is rotational and can be represented by
the combinationof a potentialdisturbance,Eq. (1), anda disturbance
due to the free vorticity. Here, however, we employ simpler � ow
models downstream of the impeller appropriatefor each instability.

One-Dimensional Instabilities
(Surge and Cavitation Surge)

Surge

When the outlet of the impeller is directlyconnectedto a tank and
the � ow from the tank is discharged to a space of constant pressure
through a valve as shown in Fig. 6, the continuity requires that

d u2 d u3
A

q g f
dd p2

dt
C j

U

L
kL d p2 (19)

where f and A are the cross-sectionalareas of the conduit and the
tank and C( A / q g f ) is the compliance of the tank. For compres-
sors, C is given by V / ( q a2 f ), where V is the volume of the tank
and a is the speed of sound. The valve downstream of the tank is
assumed to have the following characteristic:

d p2 / q U 2 R(d u3 / U ) (20)

where R is the resistance of valve. From Eqs. (19) and (20), we
obtain the following relations for the system consisting of the tank
and the valve:

d u2 / U 1/ R B2 u 2 j kL d p2 q U 2 (21)

B ( q C / L )UT (22)

where B is Greitzer’s B factor,3 which affects the occurrence of
surge and the shape of the surge Lissajous.

We now proceed to put together the model for the one-
dimensional instabilities, namely, surge and cavitation surge (for-
merly called auto-oscillation). The characteristics of the suction
conduit are expressed by Eqs. (5) and (6). The characteristicof the
cavitation is given by Eq. (14). If cavitation does not occur, F1 0
and F3 0 and Eq. (14) reduces to d u2 d u1 . The charactaristicsof
the impeller are expressed by Eq. (17). The characteristicof a tank
and valve discharge system is expressed by Eq. (21). Substituting
Eqs. (5), (6), (14), and (21) into Eq. (17) and eliminating unknowns
other than d u1 , we obtain

1
(1/ R) B2h 2 jkL

(1 jkL ) (1 Lu )

1

cos2 b 2

1

cos b

l

L
jkL d u1 0 (23)

a) Compressor

b) Pump

Fig. 6 Tank-valve systems downstream of the impeller.

The portion inside the brackets in Eq. (23) must be zero for Eq. (23)
to have a nontrivial solution. This yields the characteristic equation

B2 u 2 1
1

cos b

`

L
k2

L 1
1

cos b

`

L
1
R

B2 u 2 Lu
1

cos2 b 2

jkL 1
1
R

Lu
1

cos2 b 2

0

(24)

which is a quadratic equation for jkL with real coef� cents. Two
solutions of Eq. (24) are represented by

kL kR jk I (25)

where kR and k I are the frequencyand damping, respectively.Thus,
the two solutions have the same frequency. Because k I is zero and
kL is real in the case of neutral stability, the real part of Eq. (24)
gives the following frequency:

n
U

2 p L
kL (26)

n
1

2 p

1

q C L

1 (1/ R) Lu 1 cos2 b 2

1 /̀ (L cos b )
(27)

If the physical circumstances are such that (Lu 1/ cos2 b )/
R 1 and /̀ L 1, then the frequency is given by

n (1/ 2p ) 1 q C L (28)

This is the natural frequency of a system that consists of the inlet
conduit and the tank shown in Fig. 7.

The condition of neutral stability is obtained from the imaginary
part of Eq. (24), namely,

Lu
1

cos2 b 2

1 /̀ (L cos b )
B2 u 2 R

(29)

downstreamof the impeller.We employ the following impellerhead
rise coef� cient using the total inlet pressure pt1 and the delivery
static pressure p2:

w ts
p2 pt1

q U 2
T

(30)

Then the left-hand side of Eq. (29) may be written as

Lu
1

cos2 b 2

1
u

@w ts

@u
(29 )

Then the onset condition of surge (k I < 0) is given by

@w ts

@u
^

1 /̀ (L cos b )
B2 u R

(31)

a) Compressor case

b) Pump case

Fig. 7 Basic conduit system for surge.
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Cavitation Surge

Some components with compliance must exist downstream of
the impeller, or upstream of the impeller, or both for the usual surge
to occur. However, cavitation surge does not require such compo-
nents because the cavitation itself provides the compliance. Here
we consider cavitation surge in which � ow � uctuations do not oc-
cur downstream of the impeller. This would be the case if a very
long conduit or a large resistance existed downstream of the im-
peller. Cavitation surge is analyzed as follows: The characteristics
of the suctionconduit are expressedby Eqs. (5) and (6). The charac-
teristics of cavitation are expressedby Eq. (14). When it is assumed
that d u2 0 and Eqs. (5) and (6) are substituted into Eq. (14), the
following equation is obtained:

[1 jkL (h / L ) F1 (1 jkL )F3 ](d u1 / U ) 0 (32)

This characteristicquadratic equation for jkL has real coef� cients.
At neutral stability, the real part of Eq. (32) gives

n
U

2p L
kL

U

2 p L

L

hF3

UT

2p

1

sin b 1

1

2K Lh
(33)

Thus the frequency of cavitation surge is proportional to the ro-
tational speed of the impeller, whereas the frequencyof surge given
by Eq. (26) depends only on the characteristicsof the conduit.

The dimensional compliance C , de� ned in Eq. (11), is expressed
as follows for the system shown in Fig. 7:

d u C
dd p

dt
(34)

The cavitation compliance K is related to the dimensional compli-
ance C by Eqs. (10 ) and (14) so that

C
F3h

q U 2

2 sin2 b 1h

q U 2
T

K (35)

and using Eqs. (28) and (35), the frequency n becomes

n
1

2p

1

q C L

UT

2 p

1

sin b 1 2K Lh

This frequency is identical to that of Eq. (33). That the frequency
of cavitation surge is proportional to the rotational speed of the
impeller is because the compliance given by Eq. (35) is inversely
proportional to U 2

T .
The onset condition for cavitation surge is obtained from the

imaginary part of Eq. (32): F1 F3, which further reduces to

M ^ 2(1 r ) u K (36)

The sign of inequality in Eq. (36) is deduced from that kL must have
a small negative imaginary part for the instability to grow. Mass
� ow gain factor M and cavitation compliance K are, therefore, key
quantities in determining the stability boundary.Because the cavity
volume a usually increases with the increase of the attack angle a 1,
the mass � ow gain factor usually has a positive sign, and this tends
to promote instability.

The destabilizingeffect of the positive mass � ow gain factor can
be physically explained as follows: When the � ow rate increases
at the inlet, the incidence angle a decreases. If the mass � ow gain
factor is positive, the cavity volume decreases and the � ow rate
further increases at the inlet to � ll up the decreased cavity volume.

The cavitationcompliance is also positivebecause the cavity vol-
ume decreases with the increaseof pressure, and this promotes sys-
tem stability. Thus, the onset criterion represented by Eq. (36) in-
dicates that cavitation surge appears when the destabilizing effect
of the mass � ow gain factor is stronger than the stabilizing effect
of the cavitation compliance. Note that cavitation surge can occur
independently of the form of the head rise/� ow rate performance
characteristicand, in this regard,is very differentfrom regularsurge.

Two-Dimensional Instabilities (Rotating Stall
and Rotating Cavitation)

Rotating stall

For the sake of simplicity, it is assumed that the � ow is delivered
from the impeller to a reservoir in which the pressure is constant.
The characteristics of the � ow upstream of the impeller are given
by the following relations using Eqs. (2) and (4):

d u1 u1 exp 2 p j (nt y / s), d v1 ju1 exp 2 p j (nt y / s)
(2 )

d p1 q U (1 jk)u1 exp 2 p j (nt y / s) (4 )

The continuity equation that neglects the effect of cavitation com-
pliance so that d Vc 0 follows from Eq. (12):

d u2 d u1 (12 )

The pressure rise across the impeller is given by Eq. (17):

d p2 d p1

q U 2
(1 Lu )

d u1

U
(tan b 1 L v )

d v1

U

1

cos2 b 2

d u2

U

2 p

cos b
j (k tan b 1 )

`

s

d u2

U
(17 )

Because the � ow is delivered to the constant pressure reservoir,

d p2 0 (37)

Substituting Eqs. (2 ), (4 ), (12 ), and (37) into Eq. (17 ) produces

1 Lu 1 cos2 b 2 (2 p j / cos b )(l / s)(k tan b 1)

(1 jk) j (tan b 1 Lv ) (d u1 / U ) 0 (38)

Thus, the characteristic equation is linear in k. Substituting k
kR jk I , we obtain the following relations for the real and imagi-
nary parts:

k I
Lu 1/ cos2 b

1 2 p /̀ (s cos b )
@w ts / @u

1 2 p /̀ (s cos b )
1
u

(39)

Vp

UT

kR

tan b 1

1
2f S(1 u / u )

1 2p /̀ (s cos b )
(40)

Because k I is the damping rate of disturbance, the onset condition
of rotating stall is given by

@w ts

@u
> 0 (41)

Equation (41) states that rotating stall occurs if the curve of the
pressure rise of impeller (calculated using the outlet static pressure
and inlet total pressure) has a positive slope. This result is pre-
cisely the conventionalone described by Greitzer.2 By comparison
of Eqs. (41) and (31), it is clear that rotating stall occurs more eas-
ily than surge. Because the � ow coef� cient u ( cot b 1 U / UT )
satisfyingEq. (41) is generally less than the incidence free-� ow co-
ef� cient u ( cot b 1 ), Eq. (40) yields VP / UT < 1, which indicates
that the stalled region propagates with an angular speed lower than
that of the rotating impeller.

Note that Eq. (41) was obtained under the assumption that the
impeller discharged to a constant pressure reservoir. Altenatively, if
the � ow downstream were semi-in� nite and two dimensional, the
term 1 (2p / cos b )( /̀ s) in Eqs. (39) and (40) would be replaced
by [2 (2p / cos b )( /̀ s)].
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Rotating Cavitation

As with cavitation surge, we consider the circumstance in which
there are no velocity � uctuations downstream of the impeller. This
would occur when the chord length of the impeller is large or the
outlet blade angle is near 90 deg. These conditions would imply a
large � uid inertia in the impeller and a large negative slope of the
pressure performanceof the impeller. These in turn would suppress
the � ow � uctuations downstream of the impeller.

When Eqs. (2) and (4) are used, the characteristics of the � ow
upstream of the impeller are given by

d u1 u1ezp2p j (nt u / s), d v1 j u1 exp 2p j (nt y / s)
(2 )

d p1 q U (1 jk)u1 exp 2 p j (nt y / s) (4 )

The cavitation characteristicsare expressed by Eq. (13):

d u2 d u1 2 p j (h / s)(k tan b 1 )U

F1(d u1 / U ) F2(d v1 / U ) F3 d p1 q U 2 (13 )

When d u2 0 is assumed and Eqs. (2 ) and (4 ) are substituted into
Eq. (13 ), the following equation is obtained:

[1 2p j (h / s)(k tan b 1 ) F1 j F2 (1 jk)F3 ](d u1 / U ) 0

(42)

and this results in a quadraticcharacteristicequationfor k. The onset
condition for rotating cavitation is then

M ^ 2(1 r ) u K (43)

Equation (43) is identical to Eq. (36) for the onset condition of
cavitation surge.

The occurrenceof rotating cavitation can be explainedby almost
the same argument as cavitation surge. For rotating cavitation, we
simply need to considerthe increaseof � ow rate at a speci� c circum-
ferential location. Therefore, rotating cavitation can be considered
to be a two-dimensional instability that is caused by the destabi-
lizing effect of the mass � ow gain factor. As with cavitation surge,
rotating cavitation can occur even at a design point, independently
of the � ow rate and the characteristicsof the impeller. This feature
of rotating cavitation is quite different from that of rotating stall.
From the real part of Eq. (42), we obtain the following relation:

(k tan b 1 )(k F2 / F3) s / (2 p h F3) (44)

When Vp / VT k / tan b 1 and the expressions(10 ) of F2 and F3 are
used, Eq. (44) may then be written in the following form:

(Vp / UT 1) Vp / UT ( r M u / (2K ) (s / h) 4 p K sin2 b 1

(45)

The two solutions of Eq. (45) have the following characteristics:

Vp / UT > 1 (46)

Vp / UT < [r M u / (2K )] (47)

Thus, rotating cavitation has two modes. One of them propagates
faster than the impeller and the other propagates in the opposite
direction. We term these forward and backward rotating cavita-
tion, respectively.Earlier experimentalresults (for example,Kamijo
et al.12,13) had noted the forward-rotating cavitation phenomenon.
More recently, Hashimoto et al.14 have also observed the backward
form of rotating cavitation. It has not been clari� ed why forward-
rotating cavitation is more often observed than backward-rotating

cavitation, although the onset condition of both modes are theoret-
ically the same.

Mutual Relation of Flow Instabilities
Rotating Stall and Rotating Cavitation

In the preceding section, rotating stall and rotating cavitation
were independently investigated. In this section, we consider the
case in which they may coexist. In the preceding section, we used
the condition d u1 d u2 for rotating stall. The effect of cavitation
can be easily includedby replacing this relationwith Eq. (13). Then,
the characteristic equation becomes

a)

b)

c)

Fig. 8 Comparisons of the root of Eq. (50) (surge cavitation surge)
with those of Eqs. (23) (surge) and (32) (cavitation surge), where B =
1.0, `/L = 1.0, ¯ ¤

2 = ¯ = 76 deg, ³Q = 2.0, and ³s = 0.6; R is determined
from the parabolic resistance curve for /p2 /½U2

T » Á3 ´ u3 /UT shown in
a) performance curve, b) conventional surge, and c) cavitation surge.
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1 cos2 b 2 (2 p / cos b )( /̀ s)(k tan b 1 ) j [1 2p j (h / s)(k

tan b 1) F1 j F2 (1 jk)F3 ]

j (k tan b 1) j L v Lu 0 (48)

As before, this is based on the assumption that the the impeller
discharges to a constant pressure reservoir. When it is assumed that
a two-dimensional � ow continues downstream of the impeller, the
term (2 p / cos b )( /̀ s) is replaced by [1 (2 p / cos b )( /̀ s)] in
Eq. (48). Then if b 2 90 deg or /̀ s , Eq. (48) becomes

1 2 p j (h / s)(k tan b 1) F1 j F2 (1 jk)F3 0 (49)

This is identical to Eq. (42), the result for rotating cavitation. This
can be explainedas follows.The negativeslopeof the head-capacity
curve becomes in� nite in the limit of b 2 90 deg, and the inertia
of the � uid within the impeller also becomes in� nite in the limit of
/̀ s , and this results in d u2 0. Rotating stall is suppressed

due to the condition d u2 0. When the in� uence of cavitation is
extremely small, F1 , F2 , and F3 approachzero. In this case,Eq. (48)
agrees with Eq. (37), the result for rotating stall.

When rotating stall and rotating cavitationcoexist,Eq. (48) must
be solved, and it is cubic in k. When the equation is solved with the
assumption of two-dimensional � ow downstream of the impeller,
the following three solutions of k are obtained:

(Vp / Ut )1 Real(k1 / tan b 1 ) > 1

(Vp / Ut )2 Real(k2 / tan b 1 ) < 0

(Vp / Ut )3 Real(k3 / tan b 1 ) < 1

Furthermore, the following interesting features of k1, k2, and k3

emerge:

Table 1 Flow instabilities of turbomachines

Two-dimensional
Cause and � ow regions One-dimensional and local � ow
of occurrence � ow instabilities instabilities

Surge Rotating stall

Cavitation surge Rotating cavitation

Table 2 Onset conditions and frequencies of � ow instabilities of turbomachines

Instability Onset condition Frequency

Surge
@w ts

@u
>

1 (1/ cos b )(l / L )

B2 u R
n

1

2 p

1

q C L

1 (1/ R) Lu 1 cos2 b 2

[1 (1/ cos b )l / s]

Rotating stall
@w ts

@u
> 0

Vp

UT
1

2f s[1 ( u / u )]
1 (2 p / cos b 1)l /s]

< 1

Cavitation surge M > 2(1 r ) u K n
Ur

2p

1

sin b 1

1

2K Lh

Rotating cavitation M > 2(1 r ) u K Vp / UT > 1, Vp / UT < 0

1) The values of k1 and k2 are close to those obtainedby Eq. (45),
that is, k1 and k2 represent rotatingcavitation.On the other hand, the
value of k3 is close to that from Eq. (38), showing that k3 represents
rotating stall.

2) The value of k3 depends on the � ow coef� cient u and loss
coef� cients, f Q and f s , whereas the in� uence of these coef� cients
on k1 and k2 is small.

3) The mass � ow gain factor M and the cavitation compliance K
have a substantial in� uence on k1 and k2, but not on k3 .

The roots, k1, k2, and k3, can coexist, amplify, and damp indepen-
dently of each other, which indicates that rotating cavitationand ro-
tating stall are independentphenomena.Most interestingly,Murai15

observed rotating stall with cavitation (the k3 root) in experiments
on an axial-� ow pump.

Surge and Cavitation Surge

As in the preceding section, we can investigate the case of co-
existence of surge and cavitation surge by replacing the relation of
d u2 d u1 with Eq. (14) in the surge analysis. Then, the character-
istic equation becomes

1

1/ R B2 u 2 j kL

1

cos2 b 2

1

cos b

`

L
jkL 1

h

L
jkL F1

(1 jkL )F3 jkL Lu 0 (50)

When b 2 approaches90 deg or /̀ L becomes in� nite,Eq. (50) yields
Eq. (32) for cavitation surge. When the in� uence of cavitation is
extremely small, F1 and F3 are negligible, and Eq. (50) reduces to
Eq. (23) for surge. Because Eq. (50) is a biquadratic equation with
real coef� cients for jkL , there are two sets of complex conjugate
solutions for jkL , that is, a1,2 b1,2 j . Therfore, kL is expressed by
kL b1,2 ja1,2. Figure8 shows thecomparisonsof the four roots
ofEq. (50) with thoseofEq. (23) for conventionalsurge(Fig. 8b) and
with Eq. (32) for cavitationsurge(Fig.8c), for theperformancecurve
shown in Fig. 8a.This clearly shows that Eq. (50) has two types of
roots corresponding to conventionalsurge and cavitation surge and
that the simpli� cationsmade for the derivationsof Eqs. (23) and (32)
do not largely affect the results. We observe that the surge (Fig. 8b)
becomes stabilizing (k I > 0) as we increase the � ow coef� cient u
whereas the cavitation surge (Fig. 8c) keeps amplifying (k I < 0).
Similar plots against M show that the stabilityk I of cavitationsurge
largely depends on the value of M , whereas the surge is almost
independent on the value of M .

Tables 1 and 2 show the onset conditions and frequencies of the
four � ow instabilities in turbomachines that were obtained by the
present linear analysis.

Conclusions
1) Surge and rotating stall are one- or two-dimensional � ow in-

stabilities caused by a positive slope of the head-capacitycurve.
2) Cavitation surge and rotating cavitation are also one- or two-

dimensional � ow instabilities caused by a positive mass � ow gain
factor M .

3) The frequencyof surge depends substantiallyon the character-
istics of the system. The rotating frequencyof rotating stall depends
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on the performance and geometry of the impeller. It is proportional
to and smaller than the rotational speed of the impeller.

4) The frequency of cavitation surge and the rotating frequency
of rotating cavitation are proportional to the rotational speed of
the impeller. The frequency of cavitation surge is the frequency
of a system with the compliance provided by the cavitation. The
rotating frequency of rotating cavitation depends on the geometry
andcavitationcharacteristicsof the impeller.Rotatingcavitationhas
two modes: One propagates faster than the impeller and the other
propagates in the opposite direction to the impeller.
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